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G E N E R A L I Z A T I O N  OF G R A D I E N T  M E T H O D  O F  HEAT TRANSFER 

D E P E N D E N C E  OF THE THERMAL C O N D U C T I V I T Y  C O E F F I C I E N T  
OF THE WALL ON TEMPERATURE 

INVESTIGATIONS FOR THE CASE O F  A R B I T R A R Y  

V .  K .  Shchukin, A .  A. Khalatov 

ABSTRACT. T h e  thermal f luxes  o n  the  inner  su r face  o f  a tube,  
determined by the temperature d i s t r i b u t i o n  on i ts  sur faces  on 
t h e  bas i s  o f  a unidimensiona1 temperature f i e l d ,  is compared 
f o r  the purpose of evaluat ing the poss ib le  magnitude o f  e r r o r  
involved i n  the  general ized gradien t  method using the 
a n a l y t i c a l  so lu t ion  o f  D i  r i c h l e t ' s  problem o f  t h e  temperature 
f i e l d  i n  a wall t h a t  t r a n s f e r s  hea t .  

In  t h e  g rad ien t  method f o r  i n v e s t i g a t i n g  h e a t  t r a n s f e r ,  t h e  thermal f l u x  /105* 

i s  determined on the  b a s i s  of  t he  temperature g rad ien t  i n  t h e  wall on the  hea t  

t r a n s f e r  sur face ,  which is found, i n  tu rn ,  on t h e  b a s i s  of  t h e  a n a l y t i c a l  

so lu t ion  of  t h e  D i r i c h l e t  problem of  t h e  temperature f i e l d  i n  a w a l l  t h a t  

p a r t i c i p a t e s  i n  hea t  t r a n s f e r .  For f i nd ing  t h e  a n a l y t i c a l  func t ions  t h a t  

express the  temperature grad ien t  on the  hea t  t r a n s f e r  s u r f a c e  through the  

func t ions  t h a t  r e f l e c t  t h e  temperature d i s t r i b u t i o n  on t h e  boundaries o f  t he  

wall, t h e  thermal conduct iv i ty  c o e f f i c i e n t  i s  assumed t o  b e  independent o f  

temperature.  The e r r o r  a s soc ia t ed  with t h i s  s i m p l i f i c a t i o n  depends on t h e  

magnitude o f  t h e  thermal s t r e s s ,  and when t h e  h e a t  t r a n s f e r  process i s  o f  low 

i n t e n s i t y ,  it can b e  disregarded.  A t  t h e  same time, i n  var ious  branches of 

technology, par t icu1,ar ly  i n  rocketry,  t he  importance o f  h igh - ra t e  h e a t  exchange 

processes i s  cont inuously increas ing .  In  i n v e s t i g a t i o n s  by the  g rad ien t  method 

of  h igh - ra t e  hea t  t r a n s f e r  processes ,  which occur i n  chemically r e a c t i n g  gas 

flows, i n  b o i l i n g  l i q u i d s ,  and under o t h e r  condi t ions ,  t h e  p r e r e q u i s i t e  t h a t  

t he  thermal conduct iv i ty  c o e f f i c i e n t  b e  independent o f  temperature can r e s u l t  

i n  l a rge  e r r o r s  during processing of  t h e  experimental  r e s u l t s .  

, I n  o rde r  t o  eva lua te  t h e  poss ib l e  magnitude of t h e  e r r o r  we w i l l  compare 

the  thermal f luxes  on the  i n t e r n a l  su r f ace  o f  a tube,  found by the  temperature 

*Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  fo re ign  t e x t .  
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d i s t r i b u t i o n  on i t s  su r faces  on the  b a s i s  of  a unidimensional temperature 

f i e l d .  The s o l u t i o n  o f  t h e  d i f f e r e n t i a l  equation o f  thermal conduct iv i ty  with 

considerat ion of t h e  l i n e a r  dependence o f  t h e  thermal conduct iv i ty  c o e f f i c i e n t  

. on temperature 

A = A , ( l  + b f )  
- _ _  (1) : 

produces t h e  following expression f o r  thermal load p e r  u n i t  length o f  t h e  tube 

where d and d2 a r e  t h e  i n t e r n a l  and ex terna l  diameters o f  t h e  tube,  . 1  
t and t a r e  t h e  temperatures of  the  su r faces .  1 2 

By comparing t h i s  expression with the  formula f o r  t h e  thermal load q* 0 / lo6  

found with t h e  assumption t h a t  t h e  thermal conduct iv i ty  c o e f f i c i e n t  is  

independent of temperature,  we obta in  [l] : 

The graph shows q*/q* as  a func t ion  of  t h e  thermal load q i n  terms of  t h e  0 
a rea  of t h e  c y l i n d r i c a l  su r f ace  o f  a tube f o r  t h e  average diameter,  when t h e  

1 
tube is  made o f  E 1  607 s t e e l  with a 

wall thickness  of  10 mm and i n t e r n a l  

sur face  temperature of  100°C. The 

temperature o f  t h e  o u t e r  su r f ace  under 

- 4. 
9.. 
4s 

t 4  t h e  maximum thermal s t r e s s  reached 

4s 800°C. Information concerning t h e  

42 thermal conduct iv i ty  c o e f f i c i e n t  of  t h e  

C I  

f,O 2 The f i g u r e  shom t h a t  when 

s t e e l  was taken from [ 2 ] .  

$10‘ .IO’ 5 . d  tu6 ?* w l m  4 2 q > 5.10 w/m , t h e  processing o f  t h e  

experimental d a t a  without cons idera t ion  

of t he  dependence o f  X on temperature 
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for  'the examined condi t ions can r e s u l t  i n  considerable  e r r o r s .  A t  t he  same 

-time, f o r  ins tance ,  

s t r e s s e s  can exceed 

The use of t h e  

grad ien t  method f o r  

c i r c l e  o f  problems. 

i n  chambers and nozzles  of  rocket  engines, t h e  thermal 

s u b s t a n t i a l l y  10 w/m . 
func t ions  f o r  unidimensional temperature f i e l d s  i n  t h e  

analyzing h e a t  t r a n s f e r  enables  us  t o  so lve  only  a narrow 

The p o s s i b i l i t i e s  o f  t he  method a r e  g r e a t l y  expanded by 

6 2  

using a n a l y t i c a l  so lu t ions  f o r  two-dimensional temperature f i e l d s .  For a tube 

i n  axial flow and f o r  t r ansve r se  flow around t h e  tube,  and a l s o  f o r  flow around 

a c u r v i l i n e a r  wall, such so lu t ions  are examined i n  [3]-[SI  . i n  t h e  case o f  

a r b i t r a r y  temperature d i s t r i b u t i o n  through t h e  c ross  s e c t i o n  o f  t h e  wall. 

For l i q u i d  flow i n  a tube,  t h e  average hea t  t r a n s f e r  c o e f f i c i e n t  through 

length z i s  determined by t h e  formula [3] 

where 

and X is  t h e  thermal conduct iv i ty  c o e f f i c i e n t  on t h e  inner  su r face  o f  t h e  tube.  / l o 7  1 

The func t ion  E(Z)  i s  found on t h e  b a s i s  of t h e  so lu t ion  of t h e  d i f f e r e n t i a l  

equation of thermal conduct iv i ty  found with t h e  assumption t h a t  t h e  thermal 

conduct iv i ty  c o e f f i c i e n t  i s  independent o f  temperature,  

f o r  boundary condi t ions 

r =  r1 f = p  (z), 

z = o  f = E ( r ) ,  
r = r* 

z = 1 t=C(r).  

t = 9 (z), . 
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- 
The so lu t ion  has the  form 

(8) 
. .  

Here I 

and D n 

B, 

and K a r e  modified Bessel func t ions  o f  t he  first order ;  A 1 1 n’ Bn’ ‘n 
a r e  cons tan ts  found from t h e  boundary condi t ion ;  V 1 ( B  n l  r ) i s  a func t ion;  

are t h e  eigenvalues of t h e  problem. 

The d i f f e r e n t i a l  equation of  thermal conduct iv i ty  i n  t h e  case of  a r b i t r a r y  

dependence o f  t he  thermal conduct iv i ty  c o e f f i c i e n t  on temperature can be 

represented i n  t h e  Cartesian coordinate  system as fol lows:  

Using a u x i l i a r y  func t ion  [6] 

equation (9) can be transformed t o  

For t h e  two-dimensional i n  c y l i n d r i c a l  coord ina tes  it acquires  the  same 

form as equation (6)‘: 

t 

.The  boundary condi t ions f o r  t h e  problem a r e  
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r = rl G = p* (z), 
r = r, G = +* (z), 
z = O  G=E*(f), 

. I  z = I  G=C*(f). 

Here @*, I)*, 5*, 3* are funct ions t h a t  cha rac t e r i ze  t h e  d i s t r i b u t i o n  of  

G on t h e  inves t iga t ed  wall ,  found with considerat ion o f  (7) and (10).  

From (10) we ob ta in  

h,dG (r, Z )  = 1% ( t )  dt ( r ,  2). , 

Consequently 

and 

For t h e  condi t ions under examination 

With cons idera t ion  of  (16) 

where 

The funct ion &* (z )  i s  determined by the  so lu t ion  o f  eqliation (12)  f o r  

boundary condi t ions (13). Since ( 1 2 )  and (13) are o f  t h e  same form as (6) and 
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(7), E*(z) and E(Z)  a r e  w r i t t e n  analogously: 

The values  V1(Bnrl) and B, are  found i n  t h e  same manner as f o r  formula 

(8) [31. 

We w i l l  f i n d  t h e  c o e f f i c i e n t s  t h a t  go i n t o  equation ( Z O ) ,  assuming 

t h e  thermal conduct iv i ty  c o e f f i c i e n t  depends l i n e a r l y  on temperature : 

X = 1, -t- b"t. 

The funct ion G(t) with cons idera t ion  of (21) i s  r ewr i t t en  i n  the  form 

Consequently 

t h a t  

(21) 

We c a l c u l a t e  t h e  c o e f f i c i e n t s  M* and N* upon which depend A* and BG [3]: / l o 9  n n' n 
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Then, with cons idera t ion  o f  [3J, we ob ta in  

For Ci and Di, consider ing (22), we ob ta in  

where 

The analogous expressions can be  found f o r  o t h e r  types of  walls t h a t  

p a r t i c i p a t e  i n  h e a t  t r a n s f e r .  
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